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THE EFFECT OF PERTURBATIONS OF FRAMES AND
FUSION FRAMES ON THEIR REDUNDANCIES
A. RAHIMI, G. ZANDI AND B. DARABY
Abstract. An interesting question about the perturbed sequences is:
when do they inherit the properties of the original one? An elegant
relation between frames (fusion frames) and their perturbations is the
relation of their redundancies. In this paper, we investigate these rela-
tionships. Also, we express the redundancy of frames (fusion frames) in
terms of the cosine angle between some subspaces.
1. Introduction
Introduced in 1952 by Duffin and Schaeffer [10], frames as an extension of
the concept of orthonormal bases allowing for redundancy, while still main-
taining stability properties, are today an standard notion in mathematics
and engineering. Applications range from more theoretical problems such
as the Kadison- Sineger problem [7, 4] and tensor decomposition [20] over
questions inspired by applications such as sparse approximation theory [17],
quantum mechanics [11], inverse scattering problems [18] and wave packet
systems on finite cyclic groups, fields and Abelian groups [12, 13, 14]. Re-
cently, due to both necessities from applications and theoretical goals, gener-
alizations of this framework have been developed, first fusion frames [6], then
operator-valued frames [16] and g-frames [23]. While frames and their ex-
tensions are by definition stable in the sense of their analysis operator being
continuous and bounded below, applications require stronger forms of sta-
bility. Of particular importance is robustness with respect to perturbations
which is typically regarded as a property of the associated analysis opera-
tors. More precisely, in the frame setting, say one would refer to a frame
Ψ = {ψi}i∈I as being a µ-perturbation of Φ = {ϕi}i∈I , if ‖TΦ − TΨ‖ ≤ µ,
where T is the analysis operator. In the situation of frames, this is a well-
studied subject (see, e.g., [1, 9]).
An interesting question about the perturbed sequences is: when do they
inherit the properties of the original one. For instance, it is known that
if {ϕi}i∈I is a Riesz sequence with lower bound A, the perturbed sequence
{ψi}i∈I is also a Riesz sequence when µ <
√
A, [8]. An elegant relation be-
tween a frame and its perturbations is the relation of their redundancies. As
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we know, redundancy appears as a mathematical concept and as a method-
ology for signal processing. Recently, the ability of redundant systems to
provide sparse representations has been extensively exploited [3]. In fact,
frame theory is entirely based on the notion of redundancy. This idea can
be interesting to find the relation between redundancy of a frames (fusion
frames) and the redundancy of its perturbations. The notion of the redun-
dancy of a frame were introduced in [2] and explained by authors in [22] for
fusion frames. For general frames ( also fusion frames), redundancy should
give us information, for instance, about orthogonality and tightness of the
frame, about the maximal number of spanning sets and the minimal num-
ber of linearly independent sets our frame can be divided into, and about
robustness with respect to erasures. Ideally, in the case of a unit-norm tight
frame, upper and lower redundancies coincide and equal the customary mea-
sure of redundancy N
n
, where N denotes the number of frame vectors and n
the dimension of underlying Hilbert space.
2. Preliminaries
In this chapter, we state some of the basic definitions and theorems that
are needed in chapter 3.
2.1. A Review of Frames. Given a separable Hilbert space H with norm
‖.‖, a sequence Φ = {ϕi}i∈I , where I is a countable index set, is a frame for
H if there exist 0 < A ≤ B such that
A‖x‖2 ≤
∑
i∈I
|〈x, ϕi〉|2 ≤ B‖x‖2
for all x ∈ H. The constants A,B are called frame bounds. If only the right
inequality is satisfied, we say that Φ = {ϕi}i∈I is a Bessel sequence with
Bessel bound B. To every Bessel sequence Φ = {ϕi}i∈I , we associate the
analysis operator TΦ : H −→ l2(I) defined by TΦx = {〈x, ϕi〉}i∈I for x ∈ H,
and the synthesis operator T ∗Φ : l
2(I) −→ H given by T ∗Φc =
∑
i∈I ciϕi for
c = {ci}i∈I ∈ l2(I).
If Φ = {ϕi}i∈I is a frame for H, the frame operator defined by
SΦ : H −→ H, SΦx =
∑
i∈I
〈x, ϕi〉ϕi, x ∈ H.
This operator is bounded, positive and invertible. A sequence {ϕi}i∈I ⊆ H
is a Riesz basis for H if it is complete in H and if there exist 0 < A ≤ B
such that for every finite scalar sequence c = {ci}i∈I one has
A‖c‖2l2 ≤ ‖
∑
i∈I
ciϕi‖
2 ≤ B‖c‖2l2 ,
the constants A and B are called Riesz bounds.
In this paper, we will work with perturbed sequences. More precisely we
will use the following notion of perturbation [15].
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Definition 2.1. Let Φ = {ϕi}i∈I be a sequence in H and µ > 0. We say
that a sequence Ψ = {ψi}i∈I in H is a µ-perurbation of Φ = {ϕi}i∈I if for
every finite scalar sequence c = {ci},
‖
∑
ci(ϕi − ψi)‖ ≤ µ‖c‖l2 .
The idea of finding the relation between redundancies of a frame (fusion
frame) and its perturbations should be interesting. At the first, we review
the definition of the redundancy function for finite frames.
Definition 2.2. [2] Let Φ = {ϕi}Ni=1 be a frame for a finite dimensional
Hilbert space Hn. For each x ∈ S = {x ∈ H : ‖x‖ = 1}, the redundancy
function
RΦ : S→ R+
is defined by
RΦ(x) =
N∑
i=1
‖P〈ϕi〉(x)‖2, x ∈ S
where 〈ϕi〉 denotes the span of ϕi ∈ H and P〈ϕi〉 denotes the orthogonal
projection onto 〈ϕi〉. The upper redundancy of Φ is defined by
R+Φ = sup
x∈S
RΦ(x),
and the lower redundancy of Φ by
R−Φ = inf
x∈S
RΦ(x).
The frame Φ has uniform redundancy if R−Φ = R+Φ .
For more studies and details on the redundancy of frames, we refer to
[2]. The following theorem states conditions for perturbed sequences to be
a frame or a Riesz basis [8].
Theorem 2.3. [8] Let Φ = {ϕi}Ni=1 be a sequence in H and assume that
Ψ = {ψi}Ni=1 is a µ-perturbation of Φ. Then the following holds:
If Φ is a frame (Riesz basis) for H with frame (Riesz) bounds 0 < A ≤ B
and µ <
√
A, then Ψ is a frame (Riesz basis) for H with frame (Riesz)
bounds A(1− µ√
A
)2 , B(1 + µ√
B
)2.
2.2. A Review of Fusion Frames. In this subsection, we briefly recalling
the basic definitions and notations of fusion frames. We wish to mention
that the definition of a fusion frame and its associated fusion frame operator
already appeared in [6] under the label “frame of subspaces”. Besides, we set
the definition of the redundancy function for fusion frames which introduced
by authors in [22].
Definition 2.4. Let H be a Hilbert space and I be a (finite or infinite)
countable index set. Assume that {Wi}i∈I be a sequence of closed subspaces
in H and {vi}i∈I be a family of weights, i.e., vi > 0 for all i ∈ I. We say that
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the family W = {(Wi, vi)}i∈I is a fusion frame or a frame of subspaces
with respect to {vi}i∈I for H if there exist constants 0 < A ≤ B < ∞ such
that
A‖x‖2 ≤
∑
i∈I
v2i ‖PWi(x)‖2 ≤ B‖x‖2 ∀x ∈ H,
where PWi denotes the orthogonal projection onto Wi, for each i ∈ I. The
fusion frame W = {(Wi, vi)}i∈I is called tight if A = B and Parseval
if A = B = 1. If all vi
,s take the same value v, then W is called v-
uniform. Moreover, W is called an orthonormal fusion basis for H if
H = ⊕i∈I Wi. If W = {(Wi, vi)}i∈I possesses an upper fusion frame bound
but not necessarily a lower bound, we call it a Bessel fusion sequence
with Bessel fusion bound B. The normalized version of W is obtained when
we choose vi = 1 for all i ∈ I. Note that we use this term merely when
{(Wi, 1)}i∈I formes a fusion frame for H.
Without loss of generality, we may assume that the family of weights
{vi}i∈I belongs to ℓ∞+ (I).
The analysis, synthesis and fusion frame operator are defined as follows.
Notation: For any family {Hi}i∈I of Hilbert spaces, we use the repre-
sentation space
(
∑
i∈I
⊕Hi)ℓ2 =
{
{fi}i∈I : fi ∈ Hi,
∑
i∈I
‖fi‖2 <∞
}
with inner product
〈{fi}i∈I , {gi}i∈I〉 =
∑
i∈I
〈fi, gi〉, {fi}i∈I , {gi}i∈I ∈ (
∑
i∈I
⊕Hi)ℓ2
and
‖{fi}i∈I‖ :=
√∑
i∈I
‖fi‖2.
It is easy to show that (
∑
i∈I ⊕Hi)ℓ2 is a Hilbert space.
Definition 2.5. Let W = {(Wi, vi)}i∈I be a fusion frame for H. The
synthesis operator TW : (
∑
i∈I ⊕Wi)ℓ2 → H is defined by
TW({fi}i∈I) =
∑
i∈I
vifi, {fi}i∈I ∈ (
∑
i∈I
⊕Wi)ℓ2 .
In order to map a signal to the representation space, i.e., to Analyze it, the
analysis operator T ∗W is employed which is defined by
T ∗W : H → (
∑
i∈I
⊕Wi)ℓ2 with T ∗W(f) = {viPWi(f)}i∈I ,
for any f ∈ H. The fusion frame operator SW for W is defined by
SW(f) = TWT ∗W(f) =
∑
i∈I
v2i PWi(f), f ∈ H.
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It follows from [6] that for each fusion frame, the operator SW is invert-
ible, positive and AI ≤ SW ≤ BI. Any f ∈ H has the representation
f =
∑
i∈I v
2
i S
−1
W PWi(f).
Now, we set the definition of perturbation of a fusion frame which consid-
ered in [5] and it was proved that the fusion frames are stable under these
perturbations.
Definition 2.6. [5] Let {Wi}i∈I and {W˜i}i∈I be families of closed subspaces
in H, let {vi}i∈I be positive numbers, 0 ≤ λ1, λ2  1, and ε > 0. If
‖(PWi − PW˜i)f‖ ≤ λ1‖PWif‖+ λ2‖PW˜if‖+ ε‖f‖ f ∈ H,
then, we say that {(W˜i, vi)}i∈I is a (λ1, λ2, ε)- perturbation of {(Wi, vi)}i∈I .
A different notion of perturbation of fusion frames was introduced in [19],
which is equivalent to the above notion of perturbation in finite dimensional
case.
Definition 2.7. [19] Let µ > 0 and let W = {(Wi, wi)}Ni=1 and V =
{(Vi, vi)}Ni=1 be two Bessel fusion sequences in H. We say that V is a µ-
perturbation of W (and vice versa) if (viPVi)Ni=1 is a µ-perturbation of
(wiPWi)
N
i=1 or ‖TW − TV‖ ≤ µ and so
‖wiPWi − viPVi‖ ≤ µ.
We state the Proposition 5.2 from [5] for finite dimensional Hilbert space
Hn by assuming that λ1 = λ2 = 0 and ε = µ.
Theorem 2.8. [5] Let W = {Wi}Ni=1 be a fusion frame for Hn with bounds
A,B and µ > 0 such that
√
A − µ√N > 0. Further, let {(Vi, vi)}Ni=1 be a
µ-perturbation of W . Then {(Vi, vi)}Ni=1 is a fusion frame with fusion frame
bounds
(
√
A− µ
√
N)2, (
√
B + µ
√
N)2.
One of our goals is to investigate the effect of perturbation of fusion frames
on the redundancy.
Definition 2.9. [22] Let W = {(Wi, vi)}Ni=1 be a fusion frame for Hn with
bounds A and B. For each x ∈ S, the redundancy function RW : S→ R+
is defined by
RW(x) =
N∑
i=1
‖PWi(x)‖2, x ∈ S.
Notice that this notion is reminiscent of the definition of redundancy
function for finite frames, in Definition 1.2, if dimWi = 1 for i = 1, ..., N.
Definition 2.10. For the fusion frameW = {(Wi, vi)}Ni=1, the upper redun-
dancy is defined by
R+W = sup
x∈S
RW(x),
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and the lower redundancy of W by
R−W = inf
x∈S
RW(x).
We say that W has uniform redundancy if R−W = R+W .
3. The Effect of Perturbations of Frames on Their
Redundancies
In the definition of the redundancy function for the finite frame Φ =
{ϕi}Ni=1 the optimal bounds of the normalized version of Φ considered as
the lower and upper redundancies [2]. It is easy to prove the following
lemma:
Lemma 3.1. Let Φ = {ϕi}Ni=1 be a frame for Hn and Ψ = {ψi}Ni=1 be a
µ-perturbation of Φ such that ‖ϕi‖ = ‖ψi‖ for all i = 1, ..., N. Then the
normalized version of Ψ is also a µ-perturbation of the normalized version
of Φ.
Proof. The sequence Ψ = {ψi}Ni=1 is a µ-perturbation of the frame Φ, so we
have
‖
∑
ck(ϕi − ψi)‖ ≤ µ‖c‖l2
for all finite sequence c = {ck}. By assumption, we have ‖ϕi‖ = ‖ψi‖ = αi
for i = 1, ..., N. Hence for all finite scalar sequence c = {ck},
‖
∑
ck(
ϕi
‖ϕi‖ −
ψi
‖ψi‖)‖ = ‖
∑
ck(
ϕi
αi
− ψi
αi
)‖ = ‖
∑
c′k(ϕi − ψi)‖.
By the definition of the perturbation of a frame we have
‖
∑
c′k(ϕi − ψi)‖ ≤ µ‖c′‖l2 .
Therefore, the normalized version of Ψ is a µ-perturbation of the normalized
version of Φ. 
By using the above lemma, we get the following theorem.
Theorem 3.2. Let Φ = {ϕi}Ni=1 be a frame for Hn with bounds 0 < A ≤ B
and µ <
√
A. Let Ψ = {ψi}Ni=1 be a µ-perturbation of Φ such that ‖ϕi‖ =
‖ψi‖ for all i = 1, ..., N. Let R−Φ and R+Φ denote the lower and upper redun-
dancies for the frame Φ, respectively. Then Ψ is also a frame for Hnand the
lower and upper redundancies for the frame Ψ are as follows:
R−Ψ = R−Φ(1−
µ√
R−Φ
)
2
, R−Φ = R+Ψ(1 +
µ√
R+Φ
)
2
.
Moreover, if Φ = {ϕi}Ni=1 is a Riesz basis, then
R−Φ = R−Ψ = R+Ψ = R+Φ = 1.
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Proof. Let Φ = {ϕi}Ni=1 be a frame for Hn with bounds 0 < A ≤ B and
µ <
√
A. Let Ψ = {ψi}Ni=1 be a µ-perturbation of Φ. Then by Theorem 2.3,
Ψ is also a frame for Hn with bounds
A(1− µ√
A
)2 , B(1 +
µ√
B
)2.
By assumption, we have ‖ϕi‖ = ‖ψi‖ = αi for i = 1, ..., N. Then by Lemma
3.1, the normalized version of Ψ is also a µ-perturbation of the normalized
version of Φ.We know that the redundancy function [2] for a frame consider
the normalized version of the frame and lower and upper redundancies coin-
cide the optimal lower and upper frame bounds of the normalized version of
the original frame. So the frame bounds of the frame { ϕi‖ϕi‖}Ni=1 equal to R
−
Φ
and R+Φ . Similar statement holds for redundancies of the frame Ψ. Hence ,
we conclude
R−Ψ = R−Φ(1−
µ√
R−Φ
)
2
, R−Ψ = R+Φ(1 +
µ√
R+Φ
)
2
.
For the moreover part, we know [2] that the redundancy of each Riesz basis
equals to one. Hence by Theorem 2.3 the sequence Ψ = {ψi}Ni=1 is a Riesz
basis, so
R−Φ = R+Φ = R−Ψ = R+Ψ = 1.

By extra hypothesists R−Φ ,R+Φ <∞ on the lower and upper redundancies
of the frame Φ, above theorem extended to the infinite case. We can express
the lower and upper redundancies of a frame in terms of cosine angle between
some subspaces. At the first we review the definition of sine and cosine
between subspaces [15].
Definition 3.3. [15] Assuming that V andW are subspaces ofH and V 6= 0.
The angle from V to W is defined as the unique number θ(V,W ) ∈ [0, π
2
]
for which
(3.1) cos θ(V,W ) = inf
f∈V ,‖f‖=1
‖PW (f)‖.
We will frequently use the notion
R(V,W ) = cos θ(V,W ),
which is called the infimum cosine angle. If we take the supremum instead of
the infimum of the right hand side of (3.1), we obtain the supremum cosine
angle S(V,W ) of V and W, that is
S(V,W ) = sup
f∈V ,‖f‖=1
‖PW (f)‖.
R and S are related by
R(V,W ) = (1− S2(V,W⊥)) 12 .
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The gap of subspace V to W is defined by
δ(V,W ) = sup
x∈V ,‖x‖=1
dist(x,W ) = sup
f∈V ,‖f‖=1
inf
y∈W
‖x− y‖.
An elementary calculation shows that the gap of V to W are related via
δ(V,W ) = sin θ(V,W ).
By the properties of inf and sup and applying the definitions of infimum
cosine and supremum cosine in the Definition 3.3, we have this elegant re-
lations:
R−Φ =
N∑
i=1
R2(W ′, 〈ϕi〉), R+Φ =
N∑
i=1
S2(W ′, 〈ϕi〉),
where W ′ is a subspace of H which contains the unit sphere S, i.e., S ⊆W ′.
Therefore in the Theorem 3.2, we have
R−Ψ =
N∑
i=1
R2(W ′, 〈ϕi〉)(1 − µ√∑N
i=1R
2(W ′, 〈ϕi〉)
)2,
and for upper redundancy,
R+Ψ =
N∑
i=1
S2(W ′, 〈ϕi〉)(1 + µ√∑N
i=1 S
2(W ′, 〈ϕi〉)
)
2
.
The above relations can be expressed in terms of the gap between the sub-
spaces W ′ and 〈ϕi〉, because we have
δ(W ′, 〈ϕi〉) =
√
1−R2(W ′, 〈ϕi〉).
4. The Effect of Perturbations of Fusion Frames on Their
Redundancies
In the definition of the redundancy function for fusion frames [22], we
consider lower and upper bounds of the normalized version of a fusion frame
as lower and upper redundancies.
In the following theorem we investigate the relationship between the re-
dundancy of a fusion frame and the redundancy of its perturbations. We
assume that each subspace has a weight equal 1.
Theorem 4.1. LetW = {Wi}Ni=1 be a fusion frame for Hn with bounds A,B
and µ > 0 such that
√
A− µ√N > 0. Let V = {Vi, }Ni=1 be a µ-perturbation
of W. Then V is a fusion frame for Hn and the following relations between
lower and upper redundancies of W and V hold:
R−V = (
√
R−W − µ
√
N)2, R+V = (
√
R+W + µ
√
N)2.
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Proof. The family V is a µ-perturbation of the fusion frame W. Hence by
Theorem 2.8, V is also a fusion frame for Hn. The subspaces in fusion frames
W and V have weights equal to 1, so they are normalized fusion frames and
therefore the optimal bounds are equal to lower and upper redundancies.
Theorem 2.8 implies:
R−V = (
√
R−W − µ
√
N)2, R+V = (
√
R+W + µ
√
N)2.

Let W = {Wi}Ni=1 be a fusion frame for Hn. The lower and upper redun-
dancies of W can be express as follows:
LetW ′ be a subspace ofHn such that involves the unit sphere S, i.e., S ⊆W ′.
Then
R−W =
N∑
i=1
R2(W ′,Wi), R+W =
N∑
i=1
S2(W ′,Wi).
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